In the present paper we will discuss the Faddeev-Jackiw symplectic approach in the analysis of a charged compressible fluid immersed in a higher-derivative electromagnetic field theory. We have obtained the full set of constraints directly from the zero-mode eigenvectors. Besides, we have computed the Dirac brackets for the dynamic variables of the compressible fluid. Finally, as a result of the coupling between the charged compressible fluid and the electromagnetic field we have calculated two Dirac brackets between the fluid and electromagnetic fields, which are both zero when there is no coupling between them.
I. INTRODUCTION
The search for a connection between fluid dynamics and electromagnetism is an old concept and it has played a crucial role in the development of the Maxwell equations [1, 2] . Thomson applied analogous formulations connecting electrostatics, heat transfer and elasticity of solids, that later lead Maxwell to formulate his theory of electricity and magnetism [1] . This analogy was first applied to the set of Maxwell equations concerning fluid dynamics in the early 1962 [3] only to the case of the one-dimensional Rayleigh problem. Recently, the generalization of the Maxwell set of fluid equations was introduced in terms of an incompressible flow, particularly with interest in turbulent flow [4] . Even more recently, the fluid Maxwell equations were generalized to the compressible flow case [5] . Besides, other generalizations of fluid dynamics have been constructed proposing noncommutative, nonAbelian and supersymmetric formulations, to mention a few [8] .
In [7] , some of us have introduced a Lagrangian description for the compressible fluid together with the scenario where a charged fluid was immersed in an electromagnetic field. The interaction between them from the Lagrangian density was discussed. * Electronic address: albert@fisica.ufjf.br † Electronic address: jorge@fisica.ufjf.br ‡ Electronic address: flavio@fisica.ufjf.br § Electronic address: evertonabreu@ufrrj.br This analogy has been explored in the literature with applications in quark-gluons plasma (QGP) [8] [9] [10] [11] [12] [13] which is a dense liquid that flows with very little viscosity almost being an ideal fluid.
Having said that, we can consider this work as part of a sequence of other ones from these authors upon the analysis of this mentioned analogy between the structure of the fluid dynamics and electrodynamics [7, 14, 15] . The purpose of the present paper is to analyze the Lagrangian density which describes the charged compressible fluid immersed in an electromagnetic field, obtained in [7] , from the point of view of the Faddeev-Jackiw method [16] applied to this model. The Faddeev-Jackiw (FJ) [16] method is a symplectic description of constrained quantization, where the degrees of freedom are identified by means of the so-called symplectic variables. The essential point of the FJ method is to make the system into a first order Lagrangian with some auxiliary fields, but the method does not depend on how the auxiliary fields are introduced to make the first order Lagrangian. It was applied recently in non-Abelian theories [17] .
The work is organized in such a way that in section 2 we have reviewed briefly the FJ method. In section 3 we have analyzed the theory via the FaddeevJackiw method and finally in the last section we present the conclusions.
II. FADDEEV-JACKIW FORMALISM
We will begin with a first-order time derivative Lagrangian, which arises from a standard secondorder one with auxiliary fields. The first step is to construct the symplectic Lagrangian
where a i are the arbitrary one-form components and i = 1, ..., N . Since the first-order system is constructed through a closed two-form, if it is nondegenerated, it defines a symplectic framework on the phase space, which is described by the coordinates ξ i . Besides, if this two-form is singular, with constant rank, it is defined as a pre-symplectic twoform. Hence, considering the components, the symplectic form can be defined by
and the equations of motion are
where the two-form f ij can be either singular or nonsingular. In this last case it has an inverse f
where we have that
To consider a constrained system described by (1) , it means that the symplectic matrix is singular. And the constraints of the system have to be determined, of course. Consider that the rank of f ij is 2n. In this case we have N − 2n = M zero-mode vectors ν α , α = 1, ..., M . The system is then constrained through M equations with no time-derivatives. We will have constraints that reduce the degrees of freedom's number. Hence, multiplying (3) by the (left) zero-modes ν α of f ij we have the (symplectic) constraints with the structure of algebraic relations
So, we can construct the first-iterated Lagrangian by including the corresponding Lagrange multipliers relative to the obtained constraints
The Lagrange multipliers λ can be considered as the symplectic variables which can increase the symplectic variables set. This move reduces the number of ξ's. After that, the procedure can be entirely repeated until all the constraints can be eliminated and the completely reduced, unconstrained and canonical system remains. But notice that in the case of gauge theories, we have no new constraint through the zero-mode. And the symplectic matrix remains singular. Hence, we can consider mandatory to introduce gauge condition(s) to highlight the singularity. In this way the procedure can be finished in terms of the original variables. And the basic brackets can be determined.
III. FADDEEV-JACKIW ANALYSIS FOR THE CHARGED COMPRESSIBLE FLUID IMMERSED IN AN ELECTROMAGNETIC FIELD
The effective Lagrangian density which describes the charged compressible fluid immersed in an electromagnetic field is defined, valid for each species (ǫ), by
where
µ is the strength tensor of the fluid, the four-vector potential U
0 is the energy function and U ǫ is the average velocity field [7] -and F µν = ∂ µ A ν − ∂ ν A µ is the strength tensor for the electromagnetic field. The spacetime metric elements are η µν = (− + ++). The coupling constant is g = e ǫ /m ǫ , where e ǫ is the charge and m ǫ is the mass of the charge. Note that, when g = 0 we have two uncoupled theories. The Euler-Lagrange equations of motion are
and it is easy to see that (7) is invariant under the gauge transformations, A µ → A µ +∂ µ Λ, for the electromagnetic fields, and U
µ + ∂ µ Λ, for the compressible fluid field. In terms of the potentials, U (ǫ) α and A α , the above equation reads
From now on, for simplicity, we will not use the species index, and much of what follows is true for each species. In our model, the symmetric energymomentum tensor is given by
and it follows directly that
which is the energy of the model, where the first term in (11) is the energy of the fluid and the second one is the energy of the electromagnetic field. The last two terms are the contributions of the interaction between the two fields.
As we said before, in this paper we want to discuss the Faddeev-Jackiw methodology [16] applied in the analysis of a higher-derivative theory which, in this case, have the higher-derivative in the Maxwell sector. So, rewriting (7) in the form
we can introduce another set of canonical pair (Σ µ ≡ ∂ 0 A µ , φ) in order to have a correct extended phase space in order to proceed with the canonical analysis. Therefore, we have that
and to write a first order Lagrangian, we will use an auxiliary field, which is chosen to be the canonical momentum due to an algebraic simplification. In this case, we have a set of canonical pairs (U µ , p µ ), (A µ , π µ ) and (Σ µ , φ µ ) and we have directly that
which results in the following expressions
Therefore, making use of the equation of motion for the canonical momenta associated with the fields U µ , A µ and Σ µ , we have
where the potential density is
The initial set of symplectic variables defining the extended space is given by the set
, and the corresponding canonical non-zero one-form is
Using this result in the symplectic two-form matrix f (0) we have that
with
where we can note that the matrix f (0) ij is singular, which means that there are constraint and it has two zero-mode 1 ν γ ≡ (0, 0, ν U0 , 0, 0, 0, 0, 0, 0, 0) and 2 ν γ ≡ (0, 0, 0, 0, 0, 0, 0, 0, 0, ν Σ0 ) where ν U0 and ν Σ0 are arbitrary function. From this two zero-mode, we have the following constraints
Since ν U0 and ν Σ0 are arbitrary functions, we obtain the constraints
and
According to the symplectic algorithm, the constraints (23) and (24) are introduced in the Lagrangian density by using the Lagrangian multipliers. Thus, the first iterated Lagrangian density is written as
where λ 1 and λ 2 are the Lagrangian multipliers, and the first iterated symplectic potential density is
It should be noted that when the constraints 1 Ω and 2 Ω are imposed the dependence in U 0 and Σ 0 disappears, once the terms in U 0 and Σ 0 were incorporated in the term introduced to the Kinetic part, which was done by redefining the Lagrange multipliers.
From the above Lagrangian we have the following set of simplectic variables defined by ξ
, with the new canonical one-form defined by
Hence, the first iterated symplectic matrix is written as
where 
and we can see that f
(1) ij is a singular matrix. From this result, we can determine its zero-mode as beinḡ
,ν λ2 are arbitrary functions. Thus, from this zero-mode in Eq. (30) we have that
Once again, asν λ2 is an arbitrary function, we obtain a new set of constraint relations given by
Now, following the FJ method, the seconditerated Lagrangian can be written as
From the above Lagrangian we can find the following canonical non-zero one-form
which leads to the corresponding third-iterated symplectic matrix,
where A ij has the same expression given in (29), and 
and once again, we can see that f (2) is singular and the zero-mode associated with this matrix is
whereν α has the same expression given by Eq. (30). However, the zero-modeν α generates the constraint 3 Ω again, the zero-mode does not generate any new constraints and, consequently, the symplectic matrix remains singular. It characterizes the theory as a gauge theory.
In order to obtain a regular symplectic matrix a gauge fixing term must be added to the theory. The choice of this condition can be suggested by many reasons, the most important being the simplification that it may introduce in the theory. In the Maxwell theory, the condition usually employed to gauge fixing is the Coulomb gauge
However, concerning the theory described by the Lagrangian in (7), where a charged compressible fluid is immersed in an electromagnetic field, the condition (39) is not sufficient to promote a gauge fixing, to do that we need an extra condition. In this case, an appropriate choice is the "Lorentz Gauge" to a compressible fluid [7] , where
which is directly related to the condition relative to the compressibility of the fluid [7] . Thus, considering Eqs. (39) and (40) with gauge fixing conditions 4Ω = ∇ · A, and
we them obtain a new Lagrangian density
is associated with the symplectic variables ξ
. From the expression for the potential V (3) we can see what theory's dynamical variables are. They are part of the canonical set (p k , U k ), (π k , A k ) and (φ k , Σ k ). The new canonical one-form is defined by
These relations can lead us to the corresponding third-iterated symplectic matrix 
We can observe that f
ij is not singular, therefore we can construct its inverse. The inverse of f (3) ij is called the symplectic tensor 
Moreover, we can relate λ 1 = U 0 , λ 2 = Σ 0 and λ 3 = A 0 . In this way, from (47) it is possible to identify the following FJ's generalized brackets given by
and {p i ( x), φ j ( y)} = gδ ij δ( x − y) , {p i ( x), π 0 ( y)} = g∂ i δ( x − y) ,
where the Dirac brackets for the electromagnetic fields correspond to the one we have found in preview works [7, 14] , as well as the Dirac brackets for the higher-derivative terms in the electromagnetic fields, Σ and φ. Besides, we have found the Dirac brackets for the dynamic variables of the compressible fluid p and U , the last of Eqs.(48). Finally, as a result of the coupling between the charged compressible fluid and the electromagnetic field we found two Dirac brackets between the fluid and electromagnetic fields, Eqs.
(49), which are both zero when there is no coupling between them.
IV. CONCLUSIONS.
In this paper we have analyzed the gauge invariance of the theory which describes the charged compressible fluid interacting with an electromagnetic field (7) by using the Faddeev-Jackiw method. We have found the constraints, the gauge transformations and we have obtained the generalized FJ brackets.
